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K=K

foliation = foliation on IP’%(
Let d € Z>o

A foliation, F, of degree d on the projective plane IP%( is given, mod K*, by a
w € HO(PZ,, Q]%,%( (d +2)) with finite singular set.

Explicitly:

o By Euler exact sequence the 1-form w can be seen as a projective 1-form:
w = Adx + Bdy + Cdz

on A?;{ such that A, B,C € K|z,y, z] are homogeneous of degree d + 1 and
Az + By + Cz = 0 with

sing(w) = Z(A, B,C) = {p € P% | A(p) = B(p) = C(p) = 0}

a finite set.
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Let F be a foliation on ]P’%{ given by a 1-form w.

Let C ={F =0} C ]P’%{ be a algebraic curve given by a irreducible polynomial
F € Klz,y, 2]

The C is F-invariant, or is a algebraic solution of F, if there exists a
homogeneous 2-form o in A% such that

dF Nw = Fo




Let F be a foliation on ]P’%- given by a 1-form w.

Let C ={F =0} C ]P’%{ be a algebraic curve given by a irreducible polynomial
F € Klz,y, 2]

The C is F-invariant, or is a algebraic solution of F, if there exists a
homogeneous 2-form o in A% such that

dF Nw = Fo

Vp



e The foliation given by

w = yzdz — arzdy + (o — 1)zydz.

has {x = 0}, {y = 0} and {z = 0} as algebraic invariant curves.
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Example: Foliations with algebraic curves

o The foliation given by
w = yzdzr — azzdy + (o — 1)xydz.

has {x = 0}, {y = 0} and {z = 0} as algebraic invariant curves.

o Logarithmic foliations: let di,d2,...,dr € Z>o and Fi,..., Fr € K[z,vy, 2]
homogeneous of degree d; = deg(F;). Suppose that Fi,..., F; are irreducible
and coprimes. Let a1,...,0, € K* be constants such that > 7| a;d; =0
and consider the 1-form

dF;
F;

T
Q=FFFoaFr ) o
i=1

The 1-form Q define, Fq, a foliation of degree d =", d; —2 on IP’%.. The
foliation Fgq is called logarithmic foliation of type (di,...,d,). The curves
C; = {F; = 0} are Fq-invariant curves.
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Let d € Z~1 and consider the foliation on ]P’i( given by the 1-form:

Ta: Qg = (%2 — y V) da + (zy? — 24T dy + (2% — 28 dz

vg = 249, + xd(')y + ydaz

17Zoladek - New examples of holomorphic foliations without algebraic leaves

25.v. Pereira, P. F. Sanchez - Automorphisms and non-integrability

3Claudia R. Alcéntara - Foliations on CP? of degree d with a singular point with Milnor
number d2 +d+1

4s. c. Coutinho, Filipe Ramos Ferreira - Foliations with one singularity and finite isotropy
group
5Percy Fernandez, Liliana Puchuri, Rudy Rosas - Foliations on P2 with only one singular point
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Jouanolou: foliations without algebraic solutions

Let d € Z~1 and consider the foliation on IP’%( given by the 1-form:
Ja: Qq = (%2 — y¥)dz + (zy? — 2T N dy + (2% — =) dz

vg = 220, + 228y + 9o,

¢ Suppose K = C. The foliation J4 has no algebraic solutions

?Jouanolou - Equations de Pfaff algébriques

1Zoladek - New examples of holomorphic foliations without algebraic leaves

2J.V. Pereira, P. F. Sanchez - Automorphisms and non-integrability

3Claudia R. Alcéntara - Foliations on CPF2 of degree d with a singular point with Milnor
number d2 +d+1

43, C. Coutinho, Filipe Ramos Ferreira - Foliations with one singularity and finite isotropy
group

5Percy Fernandez, Liliana Puchuri, Rudy Rosas - Foliations on P2 with only one singular point
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Jouanolou: foliations without algebraic solutions

Let d € Z~1 and consider the foliation on IP’%( given by the 1-form:
Ja: Qq = (%2 — y¥)dz + (zy? — 2T N dy + (2% — =) dz

vg = 249, + zday + ydaz

¢ Suppose K = C. The foliation J4 has no algebraic solutions

?Jouanolou - Equations de Pfaff algébriques

The result implies that in P2, almost all foliations have no algebraic invariant
curves. However, for a given foliation, it is not easy to determine whether it
admits an algebraic solution or not.12345

1Zoladek - New examples of holomorphic foliations without algebraic leaves

2J.V. Pereira, P. F. Sanchez - Automorphisms and non-integrability

3Claudia R. Alcéntara - Foliations on CPF2 of degree d with a singular point with Milnor
number d2 +d+1

43, C. Coutinho, Filipe Ramos Ferreira - Foliations with one singularity and finite isotropy
group

5Percy Fernandez, Liliana Puchuri, Rudy Rosas - Foliations on P2 with only one singular point
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and let v, the vector field of degree d associated with F given by:

v = L0y + MOy + NO..
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and suppose that p t (d+ 2). Write dw = (d+ 2)(Ldy Adz — Mdxz Adz + Ndz A dy)
and let v, the vector field of degree d associated with F given by:

v = L0y + MOy + NO..

The p-divisor is defined by:
Ar = {ipw =0} € Div(P%).

Note that Az has degree p(d — 1) +d + 2.



K = K of characteristic p > 0.

Let F be a foliation on ]P’% of degree d defined by
w = Adx + Bdy + Cdz

and suppose that p t (d+ 2). Write dw = (d+ 2)(Ldy Adz — Mdxz Adz + Ndz A dy)
and let v, the vector field of degree d associated with F given by:

v = L0y + MOy + NO..

The p-divisor is defined by:
Ar = {ipw =0} € Div(P%).

Note that Az has degree p(d — 1) +d + 2.

F is p-closed if Ar = 0. l
~ Wodson Mendson - UFF  Non-algebraicity of foliations via reduction mod 2




Let a € K* and consider

w = yzdz — azxzdy + (o — 1)zydz.
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Let a € K* and consider

w = yzdz — azxzdy + (o — 1)zydz.

w defines a foliation of degree 1 on ]P’%(.The associated vector field is

2a0 — 1 2—« —1—«a
= (e (52 (5 2)

By iteration

P _1 —aP _1—aqaP
P = (_2&3 )x(’)x—i-(Q 3a >y8y+(—3a )zaz

and the p-divisor is:

typw = yzoP (z) — azzvP (y) + (o — 1)zyvP (2) = (o — a)zyz



Let a € K* and consider

w = yzdz — azxzdy + (o — 1)zydz.

w defines a foliation of degree 1 on ]P’%(.The associated vector field is

2a0 — 1 2—« —1—«a
= (e (52 (5 2)

By iteration

P _1 —aP _1—aqaP
vP=(2a3 )x(’)x—i-(Q 3a>y8y+(—3a>z8z

and the p-divisor is:

typw = yzoP (z) — azzvP (y) + (o — 1)zyvP (2) = (o — a)zyz

IfaglF,:
’ Az ={a =0} +{y =0} +{= = 0}.
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o If C is F-invariant then ordc (A r) > 0;




Main property:

% Let F be a non-p-closed foliation on ]P’12( and C C ]P’IZ( an algebraic invariant
curve

o If C is F-invariant then ordc (A r) > 0;
e Ifordo(Ax) #0 mod p then C is F-invariant.
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The p-divisor

Main property:

% Let F be a non-p-closed foliation on ]P’;‘: and C C ]P’lz( an algebraic invariant
curve

o If C is F-invariant then ordc (A r) > 0;
o Ifordc(Ar) Z0 mod p then C is F-invariant.

@W.Mendson - Foliations on smooth algebraic surface in positive characteristic

In the projective plane over a field of characteristic p > 0, any foliation of degree
d with pt (d+ 2) has an invariant algebraic curve.
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The p-divisor

Main property:

@ Let F be a non-p-closed foliation on ]P’i and C C ]P’ﬁ an algebraic invariant
curve

o If C is F-invariant then ordc (A r) > 0;
o Ifordc(Ar) Z0 mod p then C is F-invariant.

@W.Mendson - Foliations on smooth algebraic surface in positive characteristic

In the projective plane over a field of characteristic p > 0, any foliation of degree
d with pt (d+ 2) has an invariant algebraic curve.

v
@ Let F be a foliation on P2, and suppose that deg(F) < p— 1. Then, F has an
inwvariant algebraic curve.

@J. V. Pereira - Invariant Hypersurfaces for Positive Characteristic Vector Fields
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Let Cp, be the foliation on P2 defined by the 1-form:

w = zaP " Vdx + 2y tdy — (2P + yP)dz.

SHere, we use the formula: (fD)P = fPDP 4+ fDP~1(fP~1)D
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Let Cp, be the foliation on P2 defined by the 1-form:

w = zaP " Vdx + 2y tdy — (2P + yP)dz.

The associated vector field is:

V= y”_lc’“)w — zp—lay

Defining v = (2y)Pv = yPx0z — 2Pydy, we have 0P = yp2w8z - m”2y6y and thus®:

- —15(0) _ —15 2 2
iopw = ippw _ zaP o(z) — zyP 1 o(y) _ zaPyP” —zyPal” saPyP (P —gp =1y
(zy)P (zy)P (zy)P

SHere, we use the formula: (fD)P = fPDP 4+ fDP~1(fP~1)D



Let Cp, be the foliation on P2 defined by the 1-form:

w = zaP " Vdx + 2y tdy — (2P + yP)dz.

The associated vector field is:

V= y”_lc’“)z — zp—lay

Defining v = (2y)Pv = yPx0z — 2Pydy, we have 0P = yp2w8z — 2P’ y0y and thus®:

- —15(0) _ —15 2 2
iop = ippw zxP~1o(x) — 2yP~ 1 o(y) _ zxPyP” — zyPaxP = sy (gl P 1yP
(zy)P (zy)P (zy)P

The p—diViSOI‘ of Cp is given by
A 2 0 p—1 p—1 0
cp { } p{y &z }

and thus {z = 0} is the unique algebraic solution of F.

SHere, we use the formula: (fD)P = fPDP 4+ fDP~1(fP~1)D



In the projective plane over a field of characteristic p > 0, any non-p-closed
foliation has an invariant algebraic curve of degree less than or equal to
p(d—1)+d+2.




The p-divisor

In the projective plane over a field of characteristic p > 0, any non-p-closed
foliation has an invariant algebraic curve of degree less than or equal to
p(d—1)+d+2.

Let F be a foliation on ]P’%{.
o What s the structure of the p-divisor?

o How many invariant algebraic curves does F have?
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The p-divisor

In the projective plane over a field of characteristic p > 0, any non-p-closed
foliation has an invariant algebraic curve of degree less than or equal to
p(d—1)+d+2.

o
Let F be a foliation on ]P’r;’(.

o What is the structure of the p-divisor?

o How many invariant algebraic curves does F have?

% A codimension one foliation on a smooth projective variety X is p-closed if
and only if it has infinitely many invariant algebraic hypersurfaces.

2Brunella, Nicolau - Sur les hypersurfaces solutions des équations de Pfaff
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Jouanolou

¢ Let K be an algebraically closed field of characteristic p > 0. Let d € Z>q such
that

ep<dandpZ1 mod 3;
o d?2 +d+1 is prime.
Then the Jouanolou foliation F4 has an trreducible p-divisor or

A]:d :C’+pR

with deg(C) =pl +d+2, 1 > 0 and R is not Fy-invariant.

2W. Mendson - Arithmetic aspects of the Jouanolou foliation
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Jouanolou

¢ Let K be an algebraically closed field of characteristic p > 0. Let d € Z>q such
that

ep<dandpZ1 mod 3;
o d2+d+1is prime.

Then the Jouanolou foliation Fq has an irreducible p-divisor or

A]:dzo-i-pR

with deg(C) = pl +d+ 2, Il > 0 and R is not Fg-invariant.

2W. Mendson - Arithmetic aspects of the Jouanolou foliation

Consequence: The Jouanolou foliation F; has a unique invariant algebraic curve.
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Fix K = C. Let F be a foliation on ]P’% of degree d defined by the projective
1-form:

w = Adx + Bdy + Cdz A,B,C € Clz,y,z]a+1
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1-form:
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and let Z[F] be the finitely generated Z-algebra obtained by adjoining all
coefficients and their inverses appearing in A, B, C.



Fix K = C. Let F be a foliation on ]P’% of degree d defined by the projective
1-form:

w = Adx + Bdy + Cdz A,B,C € Clz,y,z]a+1

and let Z[F] be the finitely generated Z-algebra obtained by adjoining all
coefficients and their inverses appearing in A, B, C.

Let F be the foliation on ]P’% given by the 1-form:

w = yzdz — azzdy + (o — 1)zydz

for some oo € C\ Q. Then the associated algebra is Z]o, o™ ].




Reduction mod

Fix K = C. Let F be a foliation on ]P’% of degree d defined by the projective
1-form:
w = Adx + Bdy + Cdz A,B,C € Clz,y,z]a+1

and let Z[F] be the finitely generated Z-algebra obtained by adjoining all
coefficients and their inverses appearing in A, B, C.

Let F be the foliation on ]P’% given by the 1-form:

w = yzdz — azzdy + (o — 1)zydz

for some oo € C\ Q. Then the associated algebra is Z]o, o™ ].

Example: For the Jouanolou foliation, A, B,C € Z[z,y, 2], so that Z[F4] = Z.



Fact: For each maximal ideal p € Spm(Z[F]), the residue field F, = Z[F]/p is
finite, in particular of characteristic p > 0.



Fact: For each maximal ideal p € Spm(Z[F]), the residue field F, = Z[F]/p is
finite, in particular of characteristic p > 0.

Denote by wp the 1-form over Fp obtained by reducing modulo p the coefficients
appearing in A, B, C. This defines a nonzero element of
HO(IP’% , 9111»2 ® Op2 (d+2)), and wyp defines a foliation on ]P’% :

r FR, Fp P

wp = Adz + Bdy + Cdz mod p



Fact: For each maximal ideal p € Spm(Z[F]), the residue field F, = Z[F]/p is
finite, in particular of characteristic p > 0.

Denote by wp the 1-form over Fp obtained by reducing modulo p the coefficients
appearing in A, B, C. This defines a nonzero element of
HO(IP’% , 91;2 ® Op2 (d+2)), and wyp defines a foliation on IP’% :

r FR, Fp P

wp = Adz + Bdy + Cdz mod p

The foliation defined by wy is denoted by Fy and called the reduction modulo p
of F.




Natural question:
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Suppose an abstract property P holds for Fy for infinitely many (or almost all)
primes p € Spm(Z[F]). What can we say about F?

o infinitely many primes = primes in a dense subset of Spm(Z[F]);

o almost all primes = primes in a nonempty open subset of Spm(Z[F]).



Reduction mod

Natural question:

Suppose an abstract property P holds for Fy for infinitely many (or almost all)
primes p € Spm(Z[F]). What can we say about F?

o infinitely many primes = primes in a dense subset of Spm(Z[F]);

o almost all primes = primes in a nonempty open subset of Spm(Z[F]).

When Z[F] = Z, the notions infinitely many primes and almost all primes
are the usual ones.



The property P can be:

e the existence of Fy-invariant curves;



The property P can be:

e the existence of Fy-invariant curves;

o the foliation Fy is p-closed;



The property P can be:

e the existence of Fy-invariant curves;
o the foliation Fy is p-closed;
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The property P can be:

e the existence of Fy-invariant curves;

o the foliation Fy is p-closed;

e the foliation F} has irreducible/reduced p-divisor;

Let F be a degree d foliation on ]P’% and suppose that F, has an invariant
algebraic curve of degree less than h for almost all primes p. Then, F has an
invariant algebraic curve of degree less than h.
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Reduction mod p

The property P can be:
e the existence of Fp-invariant curves;

e the foliation F), is p-closed,;

e the foliation F} has irreducible/reduced p-divisor;

Let F be a degree d foliation on IP’([Q: and suppose that Fy has an invariant
algebraic curve of degree less than h for almost all primes p. Then, F has an
invariant algebraic curve of degree less than h.

Idea: The set S(F, K, d) of degree d foliations on ]P’% that have algebraic curves
of degree < h is an algebraic variety over K. In particular, S(F,C,d) # & if and
only if S(F,Fy,,d) # @ for almost all primes p.

‘Wodson Mendson - UFF Non-algebraicity of foliations via reduction mod 2



Part III: A criterion via reduction mod 2



Goal: use reduction modulo p to prove non-algebraicity of holomorphic foliations

7W. Mendson - Arithmetic aspects of the Jouanolou foliation
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Algebraic solutions via reduction mod 2

Goal: use reduction modulo p to prove non-algebraicity of holomorphic foliations

¢ Let F be a non-dicritcal foliation on ]P’% defined by the 1-form

w = Adx + Bdy + Cdz A,B,C € K[z, vy, 2]

where K is a number field. If AF, is irreducible then F has no algebraic
solutions.

@J. P. Figueredo, W. Mendson - Non-algebraicity of foliations via reduction modulo 2

7W. Mendson - Arithmetic aspects of the Jouanolou foliation
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Algebraic solutions via reduction mod 2

Goal: use reduction modulo p to prove non-algebraicity of holomorphic foliations

¢ Let F be a non-dicritcal foliation on ]P’% defined by the 1-form

w = Adx + Bdy + Cdz A,B,C € K[z, vy, 2]

where K is a number field. If AF, is irreducible then F has no algebraic
solutions.

@J. P. Figueredo, W. Mendson - Non-algebraicity of foliations via reduction modulo 2

Idea: use the fact that if C' is a F-invariant then C' ® Fs is not a 2-factor.

7W. Mendson - Arithmetic aspects of the Jouanolou foliation
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Algebraic solutions via reduction mod 2

Goal: use reduction modulo p to prove non-algebraicity of holomorphic foliations

¢ Let F be a non-dicritcal foliation on ]P’% defined by the 1-form

w = Adx + Bdy + Cdz A,B,C € K[z, vy, 2]

where K is a number field. If AF, is irreducible then F has no algebraic
solutions.

@J. P. Figueredo, W. Mendson - Non-algebraicity of foliations via reduction modulo 2

Idea: use the fact that if C' is a F-invariant then C' ® Fs is not a 2-factor.

The Jouanolou foliation on IP’% of odd degree has no algebraic solutions.

7W. Mendson - Arithmetic aspects of the Jouanolou foliation
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Algebraic solutions via reduction mod 2

Goal: use reduction modulo p to prove non-algebraicity of holomorphic foliations

¢ Let F be a non-dicritcal foliation on ]P’% defined by the 1-form

w = Adx + Bdy + Cdz A,B,C € K[z, vy, 2]

where K is a number field. If AF, is irreducible then F has no algebraic
solutions.

@J. P. Figueredo, W. Mendson - Non-algebraicity of foliations via reduction modulo 2

Idea: use the fact that if C' is a F-invariant then C' ® Fs is not a 2-factor.

The Jouanolou foliation on IP% of odd degree has no algebraic solutions.

Idea: The Jouanolou foliation is non-dicritical and has good reduction mod 2.
If d = 1 mod 2 then its 2-divisor is irreducible”.

7W. Mendson - Arithmetic aspects of the Jouanolou foliation
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Foliations with a unique algebraic invariant curve

% Let d € Z>1 be an odd integer, and define

d+3 d?>+d+2 d+1
Jd) = rd+1, s =P+ @ =2 g =S

Let Fy be the foliation defined by the 1-form on Dy (z):
Fa: w=(z+ayd® 4 byD 4 5Dy g — yf (@ gy,

where a,b,c € Z are such that abc # 0 (mod 2). Then loc = {z = 0} is the only
algebraic invariant curve of Fg.

@J. P. Figueredo, W. Mendson — Non-algebraicity of foliations via reduction modulo 2
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Foliations with a unique algebraic invariant curve

% Let d € Z>1 be an odd integer, and define

d+3 d?>+d+2 d+1
5 h(d)=f, g(d) = ——.

f(d) =d?2+d+1, s(d) = d2+
Let Fy be the foliation defined by the 1-form on Dy (z):
Fa: w=(z+ayd® 4 byD 4 5Dy g — yf (@ gy,

where a,b,c € Z are such that abc # 0 (mod 2). Then loc = {z = 0} is the only
algebraic invariant curve of Fg.

@J. P. Figueredo, W. Mendson — Non-algebraicity of foliations via reduction modulo 2

Note that
o f(d) > s(d) > h(d) > g(d);

e Fy has degree f(d) and Il is invariant.
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¢ Let d € Z>1 be an odd integer and define

2
£(d) = & +d+1, s(d)=d2+¥, h(dy = LFdF2 d“

Let Fy be the foliation defined by the 1-form on Dy (z):
Fa: w=(z+ayd®D 4 by D 4 5Dy dg — yf (D gy,
where a,b,c € Z satisfy abc Z 0 (mod 2). Then Fy is not 2-closed and has

2-divisor given by
Ar, =dleo + (f(d) — ){y =0} + C,

where C is an irreducible curve of degree 2d? +d + 3.

@J. P. Figueredo, W. Mendson — Non-algebraicity of foliations via reduction modulo 2




¢ Let d € Z>1 be an odd integer and define

d+3 d?2+d+2 d+1

f(d) =d*+d+1, s(d) = d2+T, h(d) =

Let Fy be the foliation defined by the 1-form on Dy (z):
Fa: w=(z+ ay?@D 4 pyh(d) 4 cyS(d)) da — yf(@D ay,

where a,b,c € Z satisfy abc Z 0 (mod 2). Then Fy is not 2-closed and has

2-divisor given by
Ar, =dleo + (f(d) — ){y =0} + C,

where C is an irreducible curve of degree 2d? +d + 3.
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Main difficulty: verify the irreduciblity of C.



e d = 1: the foliation has degree 3 and is given by:

v=130; + (x + ay + by® + cy3)8y
Its 2-divisor is given by

Ar, ={z=0}+2{y =0} + {aby® + azy + b*y* + by® + 2° + 2y + y* = 0}



e d = 1: the foliation has degree 3 and is given by:

v=130; + (x + ay + by® + cys)ay
Its 2-divisor is given by

Az ={z =0} +2{y = 0} + {aby® + awy + b*y* + by® + 2* + 2y® + y* = 0}

o d = 3: the foliation has degree 13 and is given by:
v=y30; + (z +ay? +by" + cy12)8y
The 2-divisor is:

Ar, =3{z = 0} +12{y = 0} +{a’y" +aby” +bay” + by’ +2° +y** +y'* = 0}



e Step 1: Suppose, by contradiction, that F; has an algebraic curve D of
degree e in D4 (z).
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o Step 2: Without loss of generality, we may assume that D is defined over Z.
Carnicer’s bound® implies that e < d + 2 (since Fy is non-dicritical).
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which implies Q = D, since {y = 0} is not Fa-invariant.
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Fy, — C

Step 1: Suppose, by contradiction, that Fy4 has an algebraic curve D of
degree e in D (z).

Step 2: Without loss of generality, we may assume that D is defined over Z.
Carnicer’s bound® implies that e < d + 2 (since Fy is non-dicritical).

Step 3: Since C' ® Fg is not a 2-factor, there exists an irreducible factor @ of
C ® F2 such that @ defines an invariant curve of F2 := F ® Fa.

Step 4: From the structure of the 2-divisor, it follows that
Az, = (F(d) — D){y = 0} + D,
which implies Q = D, since {y = 0} is not Fa-invariant.
Step 5: Therefore, we obtain:
d+2 > deg(C) > deg(Q) = 2d> + d + 3,

which leads to 2d? < —1, a contradiction.
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e Do we need the non-dicritical condition in the criterion of reduction mod 27

o Understand the ”correspondence”: foliations on IP% without invariant
algebraic curves ”correspond” to foliations on ]P% with a unique invariant
p

algebraic curve.

o Let F be a foliation on ]P% defined over Z, and suppose that Ar, is
irreducible for some prime p. Does there exist a dense set S C Spm(Z) such
that Ax, is irreducible for every prime q € S?

o Understand the p-divisor for foliations admitting a unique singularity.




Obrigado ;-)
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