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K = algebraically closed field
Let n,d,g € Z withn>1,d>0and 1<g<n-—1.

A codimension q foliation, F, of degree d on the projective space P} is given,
mod K*, by a non-zero element w € HO (P, Qg,?{ (d + g + 1)) which satisfies the

following conditions

°
codim sing(w) > 2 (1)

@ The g-form w is locally decomposable:

q—1
hwAw=0 Yoe N AT (2)
o The g-form w is integrable:
q—1
iwwAdw=0  Voe \ A (3)
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It follows from Euler’s sequence that we can identify H° (P, Q]g,,;{ (d+q+1)) with

the vector space of homogeneous polynomial g-forms

w= Z ar(zo,...,zn)dzs

0<iy<---<ig<n
which are annihilated by the radial vector field R = Zi:o 20z,

e A projective ¢g-form of degree d + ¢ + 1 is a homogeneous g-form in A}?‘l
representing an element of HO(P7, Qﬁi% (d+q+1))

Example: Let o € K*. The 1-form
w = yzdzr — azzdy + (o — 1)zydz.

is a projective 1-form of degree 3 on A:}{ and defines a foliation of degree 1 on IP’%(.
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The space of foliation in

The space of codimension g foliations of degree d on the projective space
P is the quasi-projective variety of PHO(P%, ng,},( (d+q+1)):

Fold(P%) = {[w] € PH( },Qfg,k (d+q+1)) | w satisfies 1, 2 and 3}

When K = C, a classical problem is the following.

For all integers d > 0, 1 < qg<n—1, and n > 3, describe the irreducible
components of Fol}(Pg).

o Note that Foll(P%) is irreducible, as the integrability condition holds
automatically for dimensional reasons.



A codimension one foliation of degree d on P}, is given by a homogeneous 1-form

n+1
on the affine space A},

o = Ao(zo,...,xn)dzo + - + An(zo,...,2n)dr, € HO(IP’;{,Q]%,?( (d+2))



A codimension one foliation of degree d on P}, is given by a homogeneous 1-form

on the affine space A?("'l
o = Ao(zo,...,xn)dzo + - + An(zo,...,2n)dr, € HO(IP’I”{,Q]%,?( (d+2))

where Ay ..., A, € K[z, ..., o] are homogeneous of degree d + 1 and such that
sing(o) = Z(Ao ..., Ayn) has codimension > 2 and with o having the following
properties:

’L'RO'ZZAZ‘:I:Z‘ZO oAdo =0.
T
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The space of codimension one foliations of degree d > 0 on P}

%) -0
Ox;

(n>2)is

Foll(P%) = {[w] € P(H°(P, Qﬂl,% (d+2))) | wAdw=0and codimsing(w) > 2}



The integrability condition gives equations:

A, (% B 8Aj) + A <8Ai B 6Al) A (8Aj B %) -0
Owj B.Z‘l 8%[ 8931 61‘, 8mj

for0<i<j<l<n.

The space of codimension one foliations of degree d > 0 on P} (n > 2) is

Folg(PF) = {[w] € P(H" (P, Qpn (d +2))) | w Adw = 0 and codimsing(w) > 2}

Describe the irreducible components of Fols(PR).
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Some irreducible components of Fol}(P%.)
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Some known results:

o Degree zero and one: FoI(IJ(IPg) is irreducible and identified with the
Grassmannian of lines in P¢. When d = 1, the space Fol}(IP’g) has exactly two
irreducible components.!?2

e Degree two: For codimension one foliations of degree d = 2 on P¢}, Cerveau

and Lins Neto showed® that Fol%(]}"g) has exactly six irreducible components
and described them explicitly.*

e Degree three: In a recent work®, R.C. da Costa, R. Lizarbe, and J.V.
Pereira used a structure theorem to describe exactly 18 irreducible
components of Folé(]P’E) whose generic element admits no meromorphic first
integral. They also show that FoI%(IP’g) has at least 24 distinct irreducible
components.

1 Alcides Lins Neto, Irreducible components of the space of foliations

2F. Loray, J. V. Pereira, and F. Touzet. Foliations with trivial canonical bundle on Fano
3-folds

3Irreducible components of the space of holomorphic foliations of degree two in CP(n)

4Mauricio Corréa and Alan Muniz Holomorphic foliations of degree two and arbitrary
dimension
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Components in degree d > 3

o Rational components: Let F,G be irreducible homogeneous polynomials of
degrees p and g, respectively. Assume F' and G are coprime and d = p+ g — 2.
Then, w = qFdG — pGdF defines a foliation on PZ of degree d. Let R(p, q)

denote the set of such foliations. The closure R(p, q) is an irreducible

1
component of Fol;(P%) 678

6Gémez-Mont and A. Lins Neto — Structural stability of foliations with a meromorphic first
integral

TF. Cukierman, J. V. Pereira, I. Vainsencher — Stability of foliations induced by rational
maps

8W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

QCcrvcau, Lins Neto and Edixhoven — Pull-back components of the space of holomorphic
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degrees p and g, respectively. Assume F' and G are coprime and d = p+ g — 2.
Then, w = qFdG — pGdF defines a foliation on PZ of degree d. Let R(p, q)
denote the set of such foliations. The closure R(p, q) is an irreducible
component of Fol}(PR) .678

o Pullback components: Let G be a codimension one foliation on IF"(% of
degree e, defined by a projective 1-form w. Let F': Pg --» IP’(QC be a dominant
rational map of degree m. Then F*w defines a foliation of degree
d= (e+2)m — 2 on PZ. Let PB(m, e, n) be the set of these foliations. Then

PB(m, e,n) is an irreducible component of Fol}(P2) .9

6 Gémez-Mont and A. Lins Neto — Structural stability of foliations with a meromorphic first
integral

TF. Cukierman, J. V. Pereira, I. Vainsencher — Stability of foliations induced by rational
maps
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QCcrvcau, Lins Neto and Edixhoven — Pull-back components of the space of holomorphic
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Components in degree d > 3

o Logarithmic components: Let di,d2,...,d, € Z~o and F1,..., F, be
homogeneous polynomials with deg(F;) = d;. Assume F1, ..., F, are
irreducible and pairwise coprime. Let a1,...,a, € C* such that

>oi_1 asd; =0 and consider the 1-form

r
dF;

Q=FFy---F E i .
142 ri:1042 Fi

The 1-form Q defines a foliation Fq of codimension one and degree
d=737,d; —2on PZ. In this case, we say that Fg is a logarithmic foliation of

type (d1,...,dr). Let Log,, (d1,...,dr) denote the set of such foliations. Then

the closure Log,, (d1, . . .,d) is an irreducible component of Fol}(P%).101112

100. calvo-Andrade — Irreducible components of the space of foliations
g, Cukierman, J. Gargiulo and C.D. Massri — Stability of logarithmic differential one-forms

12w . Mendson and J. V. Pereira —The space of foliations in projective spaces in positive
characteristic

‘Wodson Mendson The space of foliations (in positive characteristic)
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Irreducible components via reduction mod p

The technique of reduction modulo p for codimension one foliation on the
projective spaces can be used to give a proof of the following theorem about
irreducible components of Folgl(IP’g):

ab et d e Z>3 and di,da € Zxo such that d = dy + d2 + 2. Let PBB(d1,d2) be
the set of foliations on PE that are linear pullback of a foliation of type (di,d2) on

PL x PL. Then PBB(d1,ds2) is an irreducible component of Folé(]P’E).

@W. Mendson - Folheagdes de codimensio um em caracteristica positiva e aplicacdes

bw. Mendson, J. V. Pereira - Codimension one foliations in positive characteristic

The topics in the proof include:
e the struture of the p-divisor for generic foliations on ]P’}( X ]P’}(;

e proving the analogous theorem in positive characteristic and lift to
characteristic 0.

‘Wodson Mendson The space of foliations (in positive characteristic)
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We will make use of Medeiros’ description of linear, locally decomposable, and
integrable differential forms. The original statement was formulated over the field
C, but the result remains valid over any algebraically closed field K.
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Technical lemma
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integrable differential forms. The original statement was formulated over the field
C, but the result remains valid over any algebraically closed field K.
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We will make use of Medeiros’ description of linear, locally decomposable, and
integrable differential forms. The original statement was formulated over the field
C, but the result remains valid over any algebraically closed field K.

@b Let w be a homogeneous locally decomposable q-form on A?{"'l. If the
coefficients of w are linear, then there exists a linear change of coordinates such
that
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Technical lemma

We will make use of Medeiros’ description of linear, locally decomposable, and
integrable differential forms. The original statement was formulated over the field
C, but the result remains valid over any algebraically closed field K.

@b Let w be a homogeneous locally decomposable q-form on ATIL{'H. If the
coefficients of w are linear, then there exists a linear change of coordinates such
that

Q@ w=aAdri A---Ndxg_1 for some linear 1-form o; or

@ w can be written as
q —_—
ZAidmo/\-n/\d:I:i/\-H/\qu.
1=0

for suitable linear polynomials Aj;.

Moreover, if w is integrable, then in Case 1 o = df for some quadratic polynomial
f € Klzo,...,zn] and, in Case 2, the polynomials A; belong to K|xzo,...,zq].

?A. S de Medeiros — Structural stability of integrable differential forms

bW. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

’

‘Wodson Mendson The space of foliations (in positive characteristic)
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Degree zero

@ Let K be an algebraically closed field. Let n > 3 and 1 < q < n — 1 be integers.

o If the characteristic of K is different from 2, or if ¢ > 1, then foliations of
degree zero are defined by linear projections P -—» ]P’g(.

o If the characteristic of K 4s 2 and ¢ = 1, then Fol§(P%) = PHO (P, Qb (2)).
K

In all cases, Folf(P%.) is an irreducible algebraic variety.

“W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic
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@ Let K be an algebraically closed field. Let n > 3 and 1 < q < n — 1 be integers.

o If the characteristic of K is different from 2, or if ¢ > 1, then foliations of
degree zero are defined by linear projections P -—» ]P’g(.

o If the characteristic of K 4s 2 and ¢ = 1, then Fol§(P%) = PHO (P, Qb (2)).
K

In all cases, Folf(P%.) is an irreducible algebraic variety.

“W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

Idea. Let F be given by a g-projective form w. By Medeiros’ classification, we
have two cases

e Suppose that w =dF Adxy A -+ Adzg—1 for some F € K[zg,...,zn]. Using
the projective condition, we can check that ¢ =1, p =2 and w = dF.
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Degree zero

@ Let K be an algebraically closed field. Let n > 3 and 1 < q < n — 1 be integers.

o If the characteristic of K is different from 2, or if ¢ > 1, then foliations of
degree zero are defined by linear projections P -—» ]P’g(.

o If the characteristic of K 4s 2 and ¢ = 1, then Fol§(P%) = PHO (P, Qb (2)).
K

In all cases, Folf(P%.) is an irreducible algebraic variety.

“W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

Idea. Let F be given by a g-projective form w. By Medeiros’ classification, we
have two cases

e Suppose that w =dF Adxy A -+ Adzg—1 for some F € K[zg,...,zn]. Using
the projective condition, we can check that ¢ =1, p =2 and w = dF.

@ The second case corresponds to the linear pullback:
q —_—
w:ZAidxo/\w-/\dri/\n-/\dzq.
=0

with A; € K[zo,...,zq].

‘Wodson Mendson The space of foliations (in positive characteristic)
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Some irreducible components in characteristic p > 0

@ Let K be an algebraically closed field of characteristic p > 0. For every integer
n >3 and e > 1, there exists an irreducible component Clye—2(P}) of
Folée_z(]P”}{) given by an open subset of the projectivization of the vector space of

. . . n+1
closed polynomial projective 1-forms of degree pe on Aj"".

“W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

13K. Saito On a generalization of de Rham lemma
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Some irreducible components in characteristic p > 0

@ Let K be an algebraically closed field of characteristic p > 0. For every integer
n >3 and e > 1, there exists an irreducible component Clye—2(P}) of

Folée_z(]P”}(-) given by an open subset of the projectivization of the vector space of

. . . n+1
closed polynomial projective 1-forms of degree pe on Aj"".

“W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

Idea. Deform a foliation given by an exact form, with a condition on the singular
set, and apply the division lemma.l3

13K. Saito On a generalization of de Rham lemma
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Some irreducible components in characteristic p > 0

@ Let K be an algebraically closed field of characteristic p > 0. For every integer
n >3 and e > 1, there exists an irreducible component Clye—2(P}) of

Folée_z(]P”}(-) given by an open subset of the projectivization of the vector space of

. . . n+1
closed polynomial projective 1-forms of degree pe on Aj"".

“W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

Idea. Deform a foliation given by an exact form, with a condition on the singular
set, and apply the division lemma.l3

@ Let d > 0. If K has characteristic p > d, then PB(1,d, n) is an irreducible
component of Fols(P}).

@W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

13K. Saito On a generalization of de Rham lemma
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Degree one

@ Let K be an algebraically closed field of characteristic p > 0.
O If p=2 then Fol}(P}%) has ezactly one irreducible component: PB(L, 1,n).

@ If p=3 then Fol}(P}) has ezactly two irreducible components: PB(L,1,n)
and Cly (P%).

© Ifp ¢ {2,3} then Foli(P%) has ezactly two irreducible components:
PB(1,1,n) and R(1,2)

2W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic
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Degree one

@ Let K be an algebraically closed field of characteristic p > 0.
O If p=2 then Fol}(P}%) has ezactly one irreducible component: PB(L, 1,n).

Q Ifp=3 then Fol} (P%) has ezactly two irreducible components: PB(1,1,n)
and Cly (P%).

© Ifp ¢ {2,3} then Foli(P%) has ezactly two irreducible components:
PB(1,1,n) and R(1,2)

2W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

Idea. Let w be a projective 1-form defining a degree one foliation and consider
the 2-form dw. By Medeiros’ classification applied to the 2-form dw we obtain
homogeneous coordinates such that either:
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Degree one

@ Let K be an algebraically closed field of characteristic p > 0.
O If p=2 then Fol}(P}%) has ezactly one irreducible component: PB(L, 1,n).

Q Ifp=3 then Fol} (P%) has ezactly two irreducible components: PB(1,1,n)
and Cly (P%).

© Ifp ¢ {2,3} then Foli(P%) has ezactly two irreducible components:
PB(1,1,n) and R(1,2)

2W. Mendson and J. V. Pereira — The space of foliations on projective spaces in positive
characteristic

Idea. Let w be a projective 1-form defining a degree one foliation and consider
the 2-form dw. By Medeiros’ classification applied to the 2-form dw we obtain
homogeneous coordinates such that either:

We obtain homogeneous coordinates such that either:

e Case 1: dw = df A dzo for some quadratic function f € K|[zo,...,Zns], or
e Case 2: dw =13, jef0,1,2} Ajjdx; A dxj for some constants A;; € K.
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o If p =2 and dw is as in Case 1, then

w = 3w = ir(dw) = 2fdxo + zodf = zodf .

This implies that w is either identically zero or that w has a zero locus of
codimension one. In either case, w does not define a codimension foliation of
degree one. Thus, in characteristic two, the only irreducible component of
Fol (P%) is PB(1,1,n).



o If p =2 and dw is as in Case 1, then

w = 3w = ir(dw) = 2fdxo + zodf = zodf .

This implies that w is either identically zero or that w has a zero locus of
codimension one. In either case, w does not define a codimension foliation of
degree one. Thus, in characteristic two, the only irreducible component of
Fol (P%) is PB(1,1,n).

o If p # 3 and dw is as in Case 2, then multiplying its contraction the radial
vector field by 1/3 recovers w, showing that it depends only one the variables

0, z1,w2. Thus, it defines a foliation in PB(1,1,n).



Introduction
Codimension one in small characteristics/degree
Special irreducible components

Degree one

o If p=2 and dw is as in Case 1, then
w = 3w =ig(dw) = 2fdxo + zodf = xodf .

This implies that w is either identically zero or that w has a zero locus of
codimension one. In either case, w does not define a codimension foliation of
degree one. Thus, in characteristic two, the only irreducible component of
Foli (P%) is PB(1,1,n).

o If p # 3 and dw is as in Case 2, then multiplying its contraction the radial
vector field by 1/3 recovers w, showing that it depends only one the variables
xo,1,x2. Thus, it defines a foliation in PB(1,1,n).

o If p ¢ {2,3} and dw is as in Case 1, then the explicit form of dw shows that w

defines a foliation in R(1,2). This completes the proof of Item 3.
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o If p=2 and dw is as in Case 1, then
w = 3w =ig(dw) = 2fdxo + zodf = xodf .

This implies that w is either identically zero or that w has a zero locus of
codimension one. In either case, w does not define a codimension foliation of
degree one. Thus, in characteristic two, the only irreducible component of
Foli (P%) is PB(1,1,n).

o If p # 3 and dw is as in Case 2, then multiplying its contraction the radial
vector field by 1/3 recovers w, showing that it depends only one the variables
xo,1,x2. Thus, it defines a foliation in PB(1,1,n).

o If p ¢ {2,3} and dw is as in Case 1, then the explicit form of dw shows that w
defines a foliation in R(1,2). This completes the proof of Item 3.

o If p=3 and dw is as in Case 1 then:
0 = 3w = igdw = 2fdxo — zodf = —(fdxo + zodf) = —d(fzo).

This implies that f is a nonzero multiple of zg, so dw = 0, implying that w
defines a foliation in Cly (P} ) in this case.
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Degree one

o If p=2 and dw is as in Case 1, then
w = 3w =ig(dw) = 2fdxo + zodf = xodf .

This implies that w is either identically zero or that w has a zero locus of
codimension one. In either case, w does not define a codimension foliation of
degree one. Thus, in characteristic two, the only irreducible component of
Foli (P%) is PB(1,1,n).

o If p # 3 and dw is as in Case 2, then multiplying its contraction the radial
vector field by 1/3 recovers w, showing that it depends only one the variables
xo,1,x2. Thus, it defines a foliation in PB(1,1,n).

o If p ¢ {2,3} and dw is as in Case 1, then the explicit form of dw shows that w
defines a foliation in R(1,2). This completes the proof of Item 3.

o If p=3 and dw is as in Case 1 then:
0 = 3w = igdw = 2fdxo — zodf = —(fdxo + zodf) = —d(fzo).

This implies that f is a nonzero multiple of z%, so dw = 0, implying that w
defines a foliation in Cly (P} ) in this case.

e If p =3 and dw is as in Case 2 computations shows that w defines a foliation
in PB(1,1,n).
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Part ITI: Special irreducible components



Fix K of characteristic p > 0 and let F' € HO(P%, Opr.(p))- Note that dF defines
an element of HO(P%,Q},, (p) and thus defines a foliation if codim sing(dF) > 2.
K



Fix K of characteristic p > 0 and let F' € HO(P%, Opr.(p))- Note that dF defines
an element of HO(P%, Q]ll,,% (p) and thus defines a foliation if codim sing(dF’) > 2.
Consider the rational map

®: P(Sp)—— Foll _,(P%)
[F] — [dF).



Fix K of characteristic p > 0 and let F' € HO(P%, Opr.(p))- Note that dF defines
an element of HO(P%, Q]ll,,% (p) and thus defines a foliation if codim sing(dF’) > 2.
Consider the rational map

®: P(Sp)—— Foll _,(P%)
[F] — [dF).

Let Cly (P} ) be the Zariski closure of the image ®. Then, Cl,_2(P}) is an
irreducible component of Folzl,_2(]P’7}().
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Special foliations in codimension one

Fix K of characteristic p > 0 and let F' € HO(P%, Opr.(p))- Note that dF defines
an element of HO(P%, Qﬂlj,,;( (p) and thus defines a foliation if codim sing(dF') > 2.
Consider the rational map

®: P(Sp)—— Fol}_»(Pk)
[F] — [dF).

Let Cly—2(P%) be the Zariski closure of the image ®. Then, Cl,_2(P}) is an
trreducible component of Fo p—Z(P%)'

Lemma

@b Let X C Fold G(P%) be an irreducible subvariety. If there ewists [w] € X such
that the Zamskz tangent space of Fol, 4(P%) has dimension equal to the dimension
of X then X is an irreducible component of FOIZZ(IP%).

2R. C. da Costa, R. Lizarbe and J. V. Pereira — Codimension one foliations of degree three
on projective spaces

bAndrew Hubery — Irreducible components of quiver Grassmannians,
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Idea: We will show that the differential

d®p : Tr(PSp) — TwFolL(PY)  d®r(G) = dG

of ® at the point F' is surjective.

1y, Saito On a generalization of de Rham lemma



Idea: We will show that the differential

d®p : Tr(PSp) — TwFolL(PY)  d®r(G) = dG

of ® at the point F' is surjective.
e Choose F such that sing(dF’) has codimension at least three, and take
wt =dF +to € TdFFoI(lj(IP”;{). We need to show that o = dG for some

G € PSp.

o Example:
—1 —1 —
F=ao2d ' a2l 4+ a1l b

1y, Saito On a generalization of de Rham lemma



Idea: We will show that the differential
d®p : Tr(PSp) — TwFolL(PY)  d®r(G) = dG

of ® at the point F' is surjective.
e Choose F such that sing(dF’) has codimension at least three, and take
wt =dF +to € TdFFoI(lj(IP”;{). We need to show that o = dG for some

G € PSp.

o Example:
—1 —1 —
F=ao2d ' a2l 4+ a1l b

o Integrability condition on w; implies that dF' A do =0

1y, Saito On a generalization of de Rham lemma
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Special foliations in codimension one

Idea: We will show that the differential
d®r : Tr(PSy) — To Fol(li(IP”}() dPr(G) =dG

of @ at the point F is surjective.

@ Choose F such that sing(dF’) has codimension at least three, and take
we = dF +to € TypFoll(P%). We need to show that o = dG for some

G e PSp.
e Example:
F = xole + chSil +o a1t b
o Integrability condition on w; implies that dF' A do =0

e Division lemma'* implies that do = n A dF. Degree comparison implies
do = 0, and this concludes the argument (see next lemma).

14K Saito On a generalization of de Rham lemma
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Special foliations in codimension one

Idea: We will show that the differential
d®r : Tr(PSy) — To Fol(li(IP”}() dPr(G) =dG

of @ at the point F is surjective.

@ Choose F such that sing(dF’) has codimension at least three, and take
we = dF +to € TypFoll(P%). We need to show that o = dG for some

G € PSp.

e Example:
-1 -1 -1
F=zox] " +aa) 4+ +ap_1ah +af

o Integrability condition on w; implies that dF' A do =0

e Division lemma'* implies that do = n A dF. Degree comparison implies
do = 0, and this concludes the argument (see next lemma).

Lemma

Let o € HO(P%, QR%,;,,( (p)) be a closed projective 1-form. Then there exists a

homogeneous polynomial G of degree p, such that a = dG.

14K Saito On a generalization of de Rham lemma
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Special irreducibl

Let K be an algebraically closed field of characteristic p > 0. For every integer
n >3 and e > 1, there exists an irreducible component Clpe_g(IP”;{) of

Folll,e_Q(]P’%) given by an open subset of the projectivization of the vector space of
closed polynomial projective 1-forms of degree pe on A?‘l.

155, Cukierman, J. V. Pereira, I. Vainsencher — Stability of foliations induced by rational
maps



Special irreducible co

Let K be an algebraically closed field of characteristic p > 0. For every integer
n >3 and e > 1, there exists an irreducible component Clpe_g(IP”;{) of

Folll,e_Q(]P’%) given by an open subset of the projectivization of the vector space of

. . . +1
closed polynomial projective 1-forms of degree pe on AT,

Higher codimension? '°

155, Cukierman, J. V. Pereira, I. Vainsencher — Stability of foliations induced by rational
maps
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Special irreducible components

Let K be an algebraically closed field of characteristic p > 0. For every integer
n > 3 and e > 1, there exists an irreducible component Clye—2(P}) of
FOI;E_Z(P%) given by an open subset of the projectivization of the vector space of

. . . +1
closed polynomial projective 1-forms of degree pe on A% .

Higher codimension? 1%
Theorem

¢ Assume 1 < g <n — 1. Consider the rational map

®:PSpx---xPS, --» Foli(P%)
(Fr,...,F,) +— dFiA---NdF,

where d = qp — q— 1. Let U be the largest open subset where ® is a morphism.
Then the closure ®(U) of ®(U) in is an irreducible component of Fol?(P% ).

@T. Fassarella, J. P. Figueredo and W. Mendson — The space of p-closed foliations on
projective spaces (in progress)

15f, Cukierman, J. V. Pereira, I. Vainsencher — Stability of foliations induced by rational
maps
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o Let F = (Fy,...,F;) € PS, x --- x PS,, such that the projective j-form
dFy AN -+ A dFj

has singular set of codimension > n + 1 — j, for every j =1,...,q.



o Let F = (Fy,...,F;) € PS, x --- x PS,, such that the projective j-form
dFy AN -+ A dFj

has singular set of codimension > n + 1 — j, for every j =1,...,q.
o By multilinearity, the map induced in tangent spaces is given by

dop(G) = ZdFl - ANdFj_1 NGy AdFjp1 A --- A dFy.



o Let F = (Fy,...,F;) € PS, x --- x PS,, such that the projective j-form
dFy A --- NdF;

has singular set of codimension > n + 1 — j, for every j =1,...,q.
o By multilinearity, the map induced in tangent spaces is given by

q
dp(G) => dFy A--- AdFj_1 AdGj AdFji1 A--- AdFy.
j=1

o Let ny =dF1 A--- ANdFy + tn be an element in the tangent space. The
integrability condition and a technical lemma ensure that dn = 0. Using the
locally decomposable condition, we get

dFi/\dFj/\'r]ZO Vi, j
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Idea of proof

o Let F = (F1,...,Fy) € PSp x --- X PS,, such that the projective j-form
dFy A--- NdF;

has singular set of codimension > n + 1 — j, for every j =1,...,q.
e By multilinearity, the map induced in tangent spaces is given by

q
dPp(G) =Y dFi A+ AdF;_1 AdGj AdFj41 A+ AdFy.
j=1

e Let ng = dF1 N --- ANdFy + tn be an element in the tangent space. The
integrability condition and a technical lemma ensure that dn = 0. Using the
locally decomposable condition, we get

dFy NdFj Am =0 Vi, j

o The last formula implies that there are homogeneous 1-forms «;, i =1,...,4q,
such that

q
= dFi A---ANdFj_1 Ao ANdFja A AdFy.
j=1

From this and ign = 0, we see that ira; = 0 for every j =1,...,q. Then
aj € HO(Pye, Qpn (0)), 5 = 1,0
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e Since dn = 0, differentiating both sides yields
q
ZdFl /\---/\dFj_l /\daj /\dFj+1 /\---/\qu =0
Jj=1

which implies

daj NdF1 N---NdFy =0 forallj=1,...,q



e Since dn = 0, differentiating both sides yields
q
ZdFl /\---/\dFj_l /\daj /\dFj+1 /\---/\qu =0
Jj=1

which implies

daj NdF1 N---NdFy =0 forallj=1,...,q

e Since codim(dFy A --- AdFy) > 2, we may apply the division lemma to obtain
q
doj = Zaji A dF;.
i=1

for suitable projective 1-forms ;.
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e Since dn = 0, differentiating both sides yields
q
ZdFl/\“‘/\dFj,1 /\daj /\dFj+1/\‘-~/\qu =0
Jj=1

which implies

daj NdF1 N---NdFy =0 forallj=1,...,q

@ Since codim(dFy A --- A dFy) > 2, we may apply the division lemma to obtain

q
da]‘ = Z Qjg A dFZ
i=1
for suitable projective 1-forms ;.

e Comparing degrees, we see that all aj; vanish identically. Hence da; = 0 for
every j = 1,...,q. It follows that there are homogeneous polynomials G; of
degree p such that a; = dGj.
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In the case ¢ = n — 1, the integrability is automatic, but we can consider the
space of p-closed foliations, PFolg_l(]P’?{), and study the problem of
irreducible components in this space.



In the case ¢ = n — 1, the integrability is automatic, but we can consider the
space of p-closed foliations, PFolg_l(]P’?{), and study the problem of
irreducible components in this space.

o Consider the rational map

®:PSp x - xPS, --» PFol; " (Pk)
(Flgn-,Fn—l) = dFy AN ANdFp—1.

Let U be the largest open subset where ® is a morphism.



In the case ¢ = n — 1, the integrability is automatic, but we can consider the
space of p-closed follatlons PFoIn 1(]PJ ), and study the problem of
irreducible components in this space.

o Consider the rational map

®:PSp x - xPS, --» PFol; " (Pk)
(Fly'--aFn—l) = dFy AN ANdFp—1.

Let U be the largest open subset where ® is a morphism.

Question: Is the closure ®(U) of ®(U) in PFOIZ_l(]P"}{) an irreducible component
of PFoll} ! (P)?
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Why is not ¢ =n — 1 included?

In the case ¢ = n — 1, the integrability is automatic, but we can consider the
space of p-closed foliations, PF0|Z_1(]P%), and study the problem of
irreducible components in this space.

o Consider the rational map

©:PS, x - xPS, --» PFoll ™! (P%)
(Fl,.A.,anl) — dFy N ---NdF,_1.

Let U be the largest open subset where ® is a morphism.

Question: Is the closure ®(U) of ®(U) in PFOIS_I(P?{) an irreducible component
of PFoll; ' (P.)?

So far, we do not know if there is an example of a foliation of the type

dFy A -+ ANdF,—1 in characteristic p > 2, which has a singular set of
codimension at least 3. This prevents the division lemma from working, and it
is not possible to apply the same technical lemmas as applied in case g <n — 1.
Jason Starr provides answers in characteristic two on MathOverflow.
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About differential forms in positive characteristic

Asked 2 months ago  Modified 2 months ago  Viewed 575 times

Fix K to be an algebraically closed field of characteristic p > 0. | would like to know if there exists
an example of Fy,.... F,_| € K[xg. ..., x,], (homogeneous of degree p) such that the variety
defined by the locus of dFy A -+ A dF,_; in P% (n > 2) has codimension at least 3. |
appreciate any references or comments about this.

I asked this here but | did not get answers.

agalgebraic.geometry | ac ive-algebra | | characteistic-p

Share Cite Edit Close Delete Flag asked Mar 23 at 15:01

. numbernwat



Thank you ;-)
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