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Foliations

k = algebraically closed field of characteristic p ≥ 0

X = smooth projective variety defined over k

A codimension q foliation, F , on X is given by a coherent subsheaf TF
of TX , of rank dimX − q, with the following properties:

TF is closed by the Lie bracket;

TX/TF is torsion-free.

The singular set of F is given by:

sing(F) = {q ∈ X | (TX/TF )q is not a free OX,q-module}
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Foliation with rational first integral

Definition

Let X be a smooth projective variety and F be a foliation on X. We say
that F has a rational first integral, or is algebraically integrable, if
there is a rational map f : X 99K Y , for some variety Y , such that F is
defined by f , that is F = ker(df)

Examples:

F is the foliation on P1
k × P1

k given by the first projection

π : P1
k × P1

k −→ P1
k

Let F0, . . . , Fq ∈ k[x0, . . . , xn] be homogeneous of same degree, without
common factors, and consider the foliation on Pn

k given by the

ω := iR(dF0 ∧ · · · ∧ dFq)

F is algebraically integrable and is given by the rational map:

Pn
k 99K Pq

k x 7→ (F0(x) : · · · : Fq(x))

Wodson Mendson Foliations with small singular set
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Rational first integral

Problem

Let F be a foliation on a variety X. Determine conditions that ensure that
F admits a rational first integral.

Theorem (Darboux-Jouanolou)

ab Let F be a codimension one foliation on smooth projective variety over
C. Then, F is algebraically integrable if and only if it admits infinitely
many invariant algebraic hypersurfaces.

aJouanolou - Feuilles compactes des feuilletages algébriques
bÉtienne Ghys - À Propos D’un Théorème de J.-P. Jouanolou Concernant les Feuilles

Fermées des Feuilletages Holomorphes

Example: Suppose k = C. The foliation

Jd : Ωd = (xdz − yd+1)dx+ (xyd − zd+1)dy + (zdy − xd+1)dz

has no algebraic solutions1

1Jouanolou - Equations de Pfaff algébriques
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Rational first integral

Theorem (Miyaoka)

ab Let X be a smooth complex projective surface and suppose KF is not
pseudo-effective, that is, there is a ample divisor H such that

KF ·H < 0

Then F has a rational first integral.

aBrunella - Birational geometry of foliations
bMiyaoka - Deformations of a Morphism along a Foliation and Applications

When X is a rational surface and F is regular it follows that KF is not
pseudo-effective.

Theorem (Brunella)

ab Let X be a rational complex surface and let F be a regular foliation
on X. Then, F has a rational first integral.

aBrunella - Feuilletages holomorphes sur les surfaces complexes compactes
bBrunella - Birational geometry of foliations
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Foliations on rationally connected varieties

Conjecture (Touzet)

a Let F be a regular foliation on a rationally connected variety defined over
C. Then, F is algebraically integrable.

aS. Druel - Regular foliations on weak Fano manifolds

Some results:

Theorem (Druel)

a Let X be a complex weak Fano manifold, and let F be a regular foliation
on X. Then the foliation F is algebraically integrable.

aS. Druel - Regular foliations on weak Fano manifolds

Theorem (J.P. Figueredo)

a Let X be a rationally connected threefold with −KX nef, and let F be a
regular foliation on X. Then the foliation F is algebraically integrable.

aJ.P. Figueredo - Codimension one regular foliations on rationally connected threefolds
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p-closed foliations

Problem

What happens if char(k) = p > 0?

Fix k be field of characteristic p > 0

Definition

Let F be a foliation on a smooth variety over a field k. We say that F is
p-closed if TF is stable under p-th powers; that is, if F is defined by a
q-form ω, then

ivω = 0 implies ivpω = 0.

A foliation F that admits a rational first integral is p-closed

Let F be a foliation on P2
k given locally by the 1-form:

ω = ydx+ αxdy.

Then F is p-closed if and only α ∈ Fp.
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p-closed foliations

Theorem (p-closed = algebraically integrable)

a A foliation is p-closed if and only if it is algebraically integrable

aPeternell, Miyaoka - Geometry of Higher Dimensional Algebraic Varieties

Theorem (Brunella-Nicolau)

a Assume codimF = 1. Then F algebraically integrable if and only if it
admits infinitely many invariant algebraic hypersurfaces.

aBrunella, Nicolau - Sur les hypersurfaces solutions des équations de Pfaff
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Foliations with small singular set

k = algebraically closed field of characteristic p ≥ 0

Proposition

Let F be a codimension one foliation on Pn
k given by a projective 1-form ω.

Suppose that sing(F) has codimension at least 3. Then dω = 0.

Idea:2 Apply the de Rham-Saito’s division lemma to the integrability
condition, and compare the degrees.

Corollary

Let F be a codimension one foliation on Pn
k . If sing(F) has codimension

at least 3 then p > 0 and p divides deg(NF ).

2Saito - On a generalization of de Rham lemma
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Some restrictions

Theorem
a Let F be a regular foliation on a smooth projective surface X. Then,

NF ·NF = 0 in k

aT. Fassarella, W. Mendson, F. Touzet, J. P. Santos - Foliations with small singular set in
arbitrary characteristic, work in progress

Compare with the version over C:

Theorem (Baum-Bott)

ab Let F be a regular foliation on a smooth complex projective surface X.
Then,

NF ·NF = 0 in C
aBaum-Bott - On the Zeroes of Meromorphic Vector-Fields
bBrunella - Birational geometry of foliations
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Regular foliations on surfaces

Remark

There are examples of regular foliations F in characteristic p with
NF ·NF ̸= 0.

Proposition

Let F be a foliation on a smooth projective surface X. If F is regular, then

NF ·KF = −c2(TX)

Idea: F is given by a nonzero section v ∈ H0(X,TX ⊗KF ), without zeros.
In particular,

c2(TX ⊗KF ) = 0.

Example

In P2
k there are no regular foliations.
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Regular foliations on minimal rational surfaces

Theorem
a Let F be a regular foliation on a minimal rational smooth surface X.
Then X is a Hirzebruch surface Fe, e ̸= 1, and either

1 char(k) ≥ 0, and F is the P1
k-fibration of Fe over P1

k; or

2 char(k) = p > 0, p divides e and F is a Riccati foliation on Fe given by

ω = dz + γ

where z intends as coordinate of the fiber and γ ∈ H0(P1
k,Ω

1
P1
k
(e)).

aT. Fassarella, W. Mendson, F. Touzet, J. P. Santos - Foliations with small singular set in
arbitrary characteristic, work in progress

Corollary

Any regular foliation on a minimal rational smooth surface over an
algebraically closed field of positive characteristic p is p-closed.

Remark: If e = 1, then char(k) ≥ 0, and F is the P1
k-fibration of F1
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Regular foliations on del Pezzo surfaces

Theorem
a Let X be a smooth projective del Pezzo surface, over an algebraically
closed field k of arbitrary characteristic. Let F be a regular foliation on X.
Then X is either P1

k × P1
k or F1 and F leaves one of the standard

P1
k-fibrations invariant.

aT. Fassarella, W. Mendson, F. Touzet, J. P. Santos - Foliations with small singular set in
arbitrary characteristic, work in progress

Corollary

Any regular foliation on a smooth del Pezzo surface over an algebraically
closed field of positive characteristic p is p-closed.
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Idea

Let F be a regular foliation on X.

step 1:3 The Mori cone NE(X) can be written as

NE(X) = R+[C1] + · · ·+ R+[Cm]

where Ci are rational curves and R+[Ci] are extremal rays

step 2: X = P1
k × P1

k or Blp1,...,pl(P
2
k) with 1 ≤ l ≤ 8 and Ci are

smooth rational curves

step 3: NF is nef

step 4: Suppose that l > 1. The curves Ci are (−1)-curves and cannot
be invariant by F

step 5: KF · Ci = −C2
i + tang(F , C) ≥ 1, so KF is nef

step 6: KF and NF nef implies KF ·NF ≥ 0, but this contradicts

KF ·NF = −c2(X) < 0

3Dolgachev - Classical Algebraic Geometry: a modern view
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Regular foliations on projective spaces

Theorem
a Let F be a foliation on Pn

k of codimension q, 0 < q < n, and degree d. If
F is regular, then q = 1, char(k) = 2, d = 0 and n is odd. Furthermore, F
is given by a global exact 1-form Ω = dF , where F is a homogeneous
polynomial of degree 2. In particular, F is 2-closed.

aT. Fassarella, W. Mendson, F. Touzet, J. P. Santos - Foliations with small singular set in
arbitrary characteristic, work in progress

Idea: the subbundle TF ⊂ TPn
k
defines a nesting map f : Pn

k → G(q, n),
x 7→ TxF .

Theorem
a Let k be an algebraically closed field and f : Pn

k → G(q, n) algebraic nesting
map. Then n is odd, and q = n− 1.

aC. De Concini, Z. Reichstein - Nesting maps of Grassmannians
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Foliations on projective spaces

Theorem

Let F be a codimension one foliation on Pn
k of degree d and assume that

sing(F) has codimension at least 3.

Then

1 p := char(k) is positive and p|d+ 2;

2 F is given by the kernel of a closed projective 1-form Ω on An+1
k

The following conditions are equivalent:

1 F admits a reduced invariant hypersurface;

2 Ω is exact, i.e there exists a homogeneous polynomial G of degree d+ 2
such that Ω = dG.

Corollary

Let F be a codimension one foliation on Pn
k of degree d and suppose that

sing(F) has codimension at least 3. Then F admits a reduced invariant
hypersurface if and only if it admits infinitely many reduced invariant
hypersurfaces.
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An interesting example

Example
a Consider the projective 1-form

ω = d
( n−1∑

i=0

xix
2p−1
i+1

)
+ xp

nx
p−1
n−1dxn−1 − xp

n−1x
p−1
n dxn.

ω defines a codimension one foliation on Pn
k of degree 2p− 2 with finite

singular set: sing(F) = {(1 :0 : · · · :0)}. Also note that F has no algebraic
invariant hypersurfaces.

aT. Fassarella, W. Mendson, F. Touzet, J. P. Santos - Foliations with small singular set in
arbitrary characteristic, work in progress

Remark
a Let F be a codimension one foliation on Pn

k and suppose that p does not
divide deg(NF ). Then F admits a reduced invariant hypersurface.

aW. Mendson, J.V. Pereira - Codimension one foliations in positive characteristic
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Congratulations Frank =)

Obrigado!
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